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Abstract: We compute the thermal free energy for all renormalizable Chern Simon the-
ories coupled to a single fundamental bosonic and fermionic field in the ’t Hooft large
N limit. We use our results to conjecture a strong weak coupling duality invariance for
this class of theories. Our conjectured duality reduces to Giveon Kutasov duality when
restricted to N = 2 supersymmetric theories and to an earlier conjectured bosonization
duality in an appropriate decoupling limit. Consequently the bosonization duality may be
regarded as a deformation of Giveon Kutasov duality, suggesting that it is true even at
large but finite N .
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1. Introduction
Three dimensional Chern Simons U(N) gauge theories coupled to matter fields are inter-
esting from several points of view. These theories have applications as diverse as quantum
hall physics [1, 2], the topology of three manifolds [3] and the study of quantum gravity
via the AdS/CFT correspondence [4].
It has recently been realized that vector Chern Simons theories (i.e. Chern Simons
theories whose matter fields are all in the fundamental of U(N)) are ‘solvable’ in the
large N limit. We now have explicit formulae for the spectrum of single sum operators,
three point correlation functions and thermal partition functions for some of these theories
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[5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16]. These exact results have already led to the
discovery of new non supersymmetric level rank dualities between classes of such theories.
The existence of such a duality was first speculated on in [5]; concrete evidence for such a
duality was provided by the study of three point functions in [7, 8]. The transformation
of parameters under duality was first worked out in [9] (based on correlation function
computations, see also [14]); this paper also made the first definite conjecture for such a
duality. The equality of free energies of dual pairs was established in [13, 15, 16].
Vector matter Chern Simons theories have also been conjectured to admit dual bulk
descriptions as a theory of higher spin fields [5, 6, 17]. It thus appears that these theories
are dynamically rich even in the analytically tractable large N limit.
In this note we study the most general renormalizable U(N) Chern Simons theory
coupled to a single fundamental scalar and fermion field in the large N limit. In particular
we use the methods of [5, 10, 13, 15, 11] to exactly determine the quantum corrected pole
masses of the propagating bosonic and fermionic fields in this theory. We also determine the
exact thermal partition function of these theories as a function of temperature, chemical
potentials and couplings. We use our results to propose a level rank type strong weak
coupling duality map that relates pairs of these theories, generalizing an earlier proposal
by [13].
A special case of the theories we study in this paper is the superconformal level k
U(N) N = 2 Chern Simons theory with a single fundamental chiral multiplet. The action
for this theory is given in terms of component fields by1
S =
∫
d3x
[
iεµνρ
k
4π
Tr(Aµ∂νAρ −
2i
3
AµAνAρ) + D˜µφ¯D˜
µφ+ ψ¯γµD˜µψ
+
4π
k
(ψ¯ψ)(φ¯φ) +
2π
k
(ψ¯φ)(φ¯ψ) +
4π2
k2
(φ¯φ)3
]
(1.3)
where φ and ψ respectively are complex scalar and spinor fields that transform in the
fundamental representation of U(N). The action (1.3) defines2 a discrete set of supercon-
formal N = 2 field theories labeled by the two integers N and k. There is considerable
evidence that the theories (1.3) enjoy a strong weak coupling level rank type duality under
which k goes to −k and N goes to |k| −N ; recent evidence for this supersymmetric level
rank duality includes the matching of the thermal partition function of conjecturally dual
pairs of theories in the large N limit [13, 15, 16].
1The conventions we have employed in that action are
D˜µφ =(∂µ − iAµ − µBδ3µ)φ D˜µφ¯ = ∂µφ¯+ iφ¯Aµ + µBδ3µφ¯ (1.1)
D˜µψ =(∂µ − iAµ − µF δ3µ)ψ D˜µψ¯ = ∂µψ¯ + iψ¯Aµ + µF δ3µψ¯. (1.2)
2More precisely, the field theories we study are defined by their action together with a regulation scheme.
Throughout this paper we employ the dimensional reduction scheme employed in [5, 10]. In this regular-
ization scheme the Chern-Simons level k satisfies |k| = |kYM|+N , where kYM is the Chern-Simons level in
the regularization by the Yang-Mills term [18, 19]. This requires the ’t Hooft coupling defined by λ = N/k
to satisfy |λ| ≤ 1. Through this paper we also work in the lightcone gauge of [5].
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The duality between pairs of N = 2 theories (1.3) implies a duality map on the
manifold of quantum field theories obtained by perturbing (1.3) with relevant or marginal
operators. In the large N limit relevant deformations of the N = 2 theory are mass terms
for φ and ψ plus a (φ¯φ)2 term; marginal deformations of the theory consist of a (φ¯φ)3
potential together with 3 distinct Yukawa terms. The manifold of quantum field theories
obtained by perturbing the N = 2 field theory with a marginal or relevant operator is
spanned by the theories3
S =
∫
d3x
[
iεµνρ
k
4π
Tr(Aµ∂νAρ −
2i
3
AµAνAρ)
+ D˜µφ¯D˜
µφ+ ψ¯γµD˜µψ +m
2
Bφ¯φ+mF ψ¯ψ +
4πb4
k
(φ¯φ)2 +
4π2x6
k2
(φ¯φ)3
+
4πx4
k
(ψ¯ψ)(φ¯φ) +
2πy′4
k
(ψ¯φ)(φ¯ψ) +
2πy′′4
k
(
(ψ¯φ)(ψ¯φ) + (φ¯ψ)(φ¯ψ)
) ]
. (1.4)
In this paper we present exact results for the pole masses and thermal free energies of
the class of theories (1.4) in the ’t Hooft large N limit. Our results support the conjec-
tured existence of a duality map between these theories, and we are able to conjecture a
detailed mapping of parameters between pairs of (conjecturally) dual theories. Our results
generalize the results of [13] and reduce to those of that paper in the special when we set
all dimensionful parameters (mB , mF and b4) in (1.4) to zero.
In the rest of this introduction we turn to a more detailed presentation of our results
and their implications. As mentioned above, in this paper we have computed quantum
corrected (zero temperature) pole masses of the φ and ψ fields respectively. We find that
the bosonic pole mass is given by the solution to the equation
c2B,0 =λ
2(1 + 3x6)
c2B,0
4
− 2λb4|cB,0|+ x4
λ(−λ+ 2 sgn(X0))
(λ− sgn(X0))2
(−mF + x4λ|cB,0|)
2 +m2B
(1.5)
and that fermionic pole mass, cF,0, is given in terms of cB,0 by
c2F,0 =
(
mF − x4|cB,0|λ
−λ+ sgn(X0)
)2
(1.6)
where X0 = λ(|cF,0| − x4|cB,0|) +mF .
3The operators parameterized by the deformations x6, x4, y
′
4 and y
′′
4 are marginal only in the strict
large N limit. At first nontrivial order in the 1
N
expansion the scaling dimensions of the corresponding
operators are presumably all renormalized, in which case r out of these operators will turn relevant while
the remaining 4 − r operators become irrelevant. The self duality of the N = 2 theory would then imply
the duality of the 3+ r dimensional manifold of theories obtained from relevant deformations of the N = 2
superconformal fixed point. We leave further analysis of the finite N system, including the determination
of the value of the integer r, to future work.
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As we demonstrate in the next section, the duality transformation
N ′ = |k| −N, k′ = −k x′4 =
1
x4
, m′F = −
mF
x4
x′6 = 1 +
1− x6
x34
, b′4 = −
1
x24
(b4 +
3
4
1− x6
x4
mF ) (1.7)
m′2B = −
1
x4
m2B +
3
4
1− x6
x34
m2F +
2
x24
b4mF
maps the pair of equations (1.5) and (1.6) back to themselves, provided we simultaneously
interchange the pole masses cB,0 and cF,0. Note the ’t Hooft coupling λ =
N
k
transforms
under duality transformation as
λ′ = λ− sgn(λ). (1.8)
We also demonstrate invariance of the finite temperature partition function of these theo-
ries under (1.7) once fermionic and bosonic chemical potentials are interchanged and the
holonomy density function transforms suitably (see (2.3)).4 Motivated by these results we
conjecture that (1.7) describes a duality of the quantum theory defined by the Lagrangian
(1.4) in the large N limit. This duality transformation interchanges bosons and fermions,
and so is a ‘bosonization’ duality.5
It is not difficult to verify that (1.7) is a Z2 duality, i.e. that the duality map squares
to identity.
Notice that (1.7) does not include a conjecture for the transformation rules for y′4 and
y′′4 . The reason for this is that the results obtained in this paper turn out to be insensitive
to the values of y′4 and y
′′
4 at leading order in the large N limit. The determination of
the transformation of the parameters y′4 and y
′′
4 would require either the evaluation of the
partition function at a subleading order in the large N expansion or the evaluation some
other quantity sensitive to these parameters at leading order in large N (this quantity
could be a correlator involving the operator ψ¯φ and φ¯ψ). We leave this interesting task to
future work. We also note that the duality map (1.7) reduces to that proposed in [13] in
the special case mB = mF = b4 = 0.
Setting
mF = mB = b4 = y
′′
4 = 0 x4 = x6 = y
′
4 = 1 (1.9)
reduces (1.4) to the N = 2 supersymmetric action (1.3). It is easily verified that the
special choice of parameters (1.9) is left unchanged by the duality transformation (1.7).
In other words our conjectured duality (1.7) reduces to Giveon Kutasov duality [20, 21]
(N → |k| −N , k → −k) when we make the choice of parameters (1.9).
Studying (1.7) in the the neighborhood of the N = 2 point (1.9) allows us to deduce
the duality transformation rules for the relevant and marginal operators of the N = 2
4More precisely, as we explain below, the gap equations and thermal free energy presented in this paper
enjoy invariance under duality only when the parameters in (1.4) obey certain inequalities. See below for
more details.
5The submanifold on which all dimensionful parameters are set to zero, mB = mF = b4 = 0 is preserved
by the duality map (1.7). Duality also preserves the submanifolds b4 = mF = 0. However the submanifold
b4 = 0 is not preserved by duality.
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under Giveon Kutasov duality. Setting mF = δmF , mB = δmB , b4 = δb4, x4 = 1 + δx4
and x6 = 1 + δx6, and working to first order in all deviations, (1.7) yields
δm′F = −δmF δm
′2
B = −δm
2
B (1.10)
and
δx′6 = −δx6, δx
′
4 = −δx4, δb
′
4 = −δb4. (1.11)
It follows from (1.10) that under Giveon-Kutasov duality
φ¯φ→ −φ¯φ, ψ¯ψ → −ψ¯ψ. (1.12)
(1.11) independently imply that under the duality
(φ¯φ)3 → −(φ¯φ)3, (φ¯φ)2 → (φ¯φ)2, (ψ¯ψ)(φ¯φ)→ (ψ¯ψ)(φ¯φ). (1.13)
The consistency of (1.13) with (1.12) (using large N factorization) may be regarded as a
mild check of the duality map (1.7).
The class of theories (1.4) also includes a two parameter set of N = 1 theories. These
theories may be obtained by plugging the most general renormalizable superpotential W =
− w4k (φ¯φ)
2 − µ(φ¯φ) into the general construction of N = 1 theories presented in equation
(F.30) of [10]. The Lagrangian takes the form6 (1.4) with
mF = µ,m
2
B = µ
2, b4 = µw, x4 =
1 + w
2
, x6 = w
2, y′4 = w, y
′′
4 = w − 1.
Plugging these special values into the general formulas of our paper, we have verified
that cB,0 = cF,0, i.e. the zero temperature fermionic and bosonic pole masses are equal.
Moreover this two dimensional N = 1 submanifold is mapped to itself by the duality
transformation (1.7) with the parameter transformations
w′ =
3− w
1 + w
, µ′ = −
2µ
1 + w
.
We regard the equality of pole masses and the invariance of the N = 1 submanifold of
theories as a nontrivial check of the formulae for pole masses and the duality map (1.7)
presented in this paper.
The Lagrangian (1.4) has three dimensionful parameters; b4, mF and m
2
B . It turns out
to be possible to scale certain combinations of these parameters to infinity while holding
others fixed, in such a way that the resultant theory is nontrivial and well defined. We
now describe three such scaling limits.
In the ‘fermionic’ scaling limit we scale mF ,mB and b4 to infinity as
mF →∞
m2B = a1m
2
F + a2mF + a3
b4 = g1mF + g2
(1.14)
6We thank O. Aharony for helping us to correct a mistake in an earlier analysis of the N = 1 manifold
of theories.
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where x4, x6, a1, a2, a3, g1, g2 are held fixed. We design our scaling limit to ensure that
the fermionic pole mass cF,0 stays fixed at a particular value c˜F,0 while cB,0 is taken to
infinity. It turns out that this requirement allows us to solve for a1, a2 and a3 as a function
of the other parameters. In other words our fermionic scaling limit is characterized by
one physical parameter c˜F,0 and four spurious or unphysical parameters, g1, g2, x4, x6. At
leading order in 1
mF
, it turns out that the thermal free energy of our system is insensitive
to the spurious parameters. Moreover it exactly matches the free energy of single massive
fermion coupled to a Chern Simons gauge field
S =
∫
d3x
[
iεµνρ
k
4π
Tr(Aµ∂νAρ −
2i
3
AµAνAρ) + ψ¯γ
µD˜µψ +m
reg
F ψ¯ψ
]
(1.15)
with7
mregF =
(
sgn(mregF )− λ
)
|cF,0|. (1.16)
Motivated by this result we conjecture that (1.4) reduces to (1.15) in the fermionic scaling
limit.
A second natural scaling limit, which we call the bosonic limit, is one in which mF , mB
and b4 are also scaled to infinity as (1.14), but with parameters chosen in such a manner
that cF,0 is taken to∞ with cB,0 and all dimensionless couplings (x4 and x6) held fixed. As
in the case of the fermionic limit, this condition may be used to determine a1, a2 and a3 as
functions of g1 and g2 (see (3.8)). Once again we have checked by direct computation that
the free energy of our system in this limit is independent of the four spurious parameters
g1, g2, x4, x6 and in fact agrees exactly with the free energy of the critically coupled boson
theory
S =
∫
d3x
[
iεµνρ
k
4π
Tr(Aµ∂νAρ −
2i
3
AµAνAρ) + D˜µφ¯D˜
µφ+ σ(φ¯φ+
mcriB
4π
)
]
(1.17)
with
|cB,0| = m
cri
B .
This result motivates us to conjecture that (1.4) reduces to (1.17) in the bosonic scaling
limit. It is of course natural that our system reduces to a purely bosonic theory when
the fermion pole mass is scaled to infinity. The reader might, however, wonder why the
bosonic theory so obtained is the critical theory rather than the ‘regular’ bosonic theory.
We believe that the reason is simply because the theory of a ‘regular’ boson with a fixed
mass is finely tuned. The original bosonic theory we started with has a relevant operator,
namely φ4, whose coefficient is finely tuned to be unnaturally small under the ’t Hooft
limit. Integrating out a very massive fermion generically renormalizes the coefficient of
this operator by a term of order cF,0, which is very large in the decoupling limit under
consideration. However the ‘regular’ boson theory perturbed by a φ4 term with a large
coefficient is precisely the critical boson, explaining why the bosonic scaling limit yields
the critical boson theory.
7(1.16) simply expresses the relationship of the pole mass and the bare mass of the theory (1.15).
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A third ‘critical’ scaling limit we study in this paper is one in which we scale b4 →∞
with cF,0, cB,0, x4, x6 held fixed. In terms of the parameters in (1.4) this is achieved by
scaling mB to infinity with
b4 =
1
2mcriB λ
m2B + g2 (1.18)
where mcriB is held fixed and g2 given in (3.14). mF , x4 and x6 are also held fixed in the
critical scaling limit. We have verified by explicit computation that x4 and x6 are spurious
in this limit (in the sense that the finite temperature free energy is independent of these
parameters). We have also verified that the free energy is identical to that of the system
S =
∫
d3x
[
iεµνρ
k
4π
Tr(Aµ∂νAρ −
2i
3
AµAνAρ) + D˜µφ¯D˜
µφ+ ψ¯γµD˜µψ
+ σ(φ¯φ+
mcriB
4π
) +mregF ψ¯ψ
]
. (1.19)
These results lead us to conjecture that (1.4) in the scaling limit (1.18) reduces precisely to
the theory (1.19). This conjecture is very natural; as we have explained above we expect a
regular boson to turn into a critical boson in the limit that b4 is taken to infinity; once this
happens the coefficients x4 and x6 are irrelevant (they multiply operators of dimension 4
and 6 respectively) and should make no contribution to any physical quantity.
We will now explain how the three different scaling limits identified above transform
under the duality map (1.7). It is not difficult to verify that (1.7) turns the fermionic
scaling limit into the bosonic scaling limit with mcriB and m
reg
F related by
mcriB = −
1
λ− sgn(λ)
mregF (1.20)
(here λ is the ’t Hooft coupling of the fermionic scaling limit). In a similar manner, (1.7)
turns the bosonic scaling limit into the fermionic scaling limit with
mregF = −λm
cri
B
(here λ is the ’t Hooft coupling of the bosonic scaling limit). These relations between mcriB
and mregF were already obtained in [13]. Finally the critical scaling limit with parameter
mcriB ,m
reg
F and ’t Hooft coupling λ is mapped, by (1.7), into another critical scaling limit
with parameters m˜criB and m˜
reg
F with
m˜criB = −
1
λ− sgn(λ)
mregF
m˜regF = −λm
cri
B .
(1.21)
Combining these results with our conjectures for the nature of the decoupling limits
it follows that the quantum field theories defined by the Lagrangians (1.15) and (1.17) are
level rank dual to each other when their masses are related by (1.20). This is simply the
‘bosonization’ duality conjectured between the regular fermion and critical boson theory in
[9] (see also [5, 7, 8, 13, 15, 14, 16]) It also follows that the quantum theory defined by the
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Lagrangian (1.19) is self dual under level rank duality, once mass parameters are related
by (1.21); this is a new result. Note that the bosonization duality conjectured in [9] follows
very simply from the self duality of (1.19) by decoupling one of the two fields.
As we have emphasized in this introduction, the existence of a duality map for the
(renormalizable subset of) the theories (1.4) follows immediately from the Giveon Kutasov
duality of theN = 2 superconformal theory even at large but finiteN . In this paper we have
determined the precise form of the duality map, and demonstrated that it reduces, in an
appropriate scaling limit, to the bosonization duality of [9] (see also [5, 7, 8, 13, 15, 14, 16]).
While the precise duality map will of course depend onN , it should be well approximated by
(1.7) at large but finite N . Our results thus strongly suggest that the bosonization duality
of [9] is correct even at finite N at least when N is large (recall that all calculational
evidence for this duality has so far been obtained only in the infinite N limit).
In summary, the duality map (1.7) on the general class of theories (1.4) is extremely
rich. It reduces to the statement of Giveon Kutasov duality for N = 2 theories with this
field content, suggests a new duality between theories of the form (1.19), and reduces to the
bosonization duality between Chern Simons coupled minimal fermions and critical bosons
in the appropriate decoupling limit.
2. Exact Results for the thermal free energy
It was argued in [13, 15] (following the earlier work [5, 10, 11]) that the finite temperature
partition function of a large N Chern Simons theory coupled to fundamental matter, on a
2 sphere of volume V2, is given by (see eq (1.3) in [15])
Z = 〈exp
[
−T 2V2v[U ]
]
〉CS (2.1)
where the RHS is an expectation value in pure Chern Simons theory on S2 × S1, T is the
temperature and U the holonomy around S1. v[U ] is a gauge invariant function of the
holonomy; and may be thought of as the free energy of the field theory on R2 as a function
of the holonomy. It turns out to be possible to explicitly compute v[U ] in any given matter
Chern Simons theory by summing a class of planar free energy graphs.
In general the functional v[U ] depends on N , k and the parameters of the matter Chern
Simons theory. Consider two different theories whose v[U ] functions are given by v1N,k[ρ]
and v2N ′,k′ [ρ] respectively (here ρ is the eigenvalue density function of the holonomy matrix
U). Using the level rank duality of pure Chern Simons theory, the authors of [15] were able
to demonstrate that if
v1N,k[ρ] = v
2
|k|−N,−k[ρ
′] (2.2)
where
λ′ρ′(α) = −
sgn(λ)
2π
+ λρ(α+ π) (2.3)
then the partition function of the theory 1 at level k and rank N is identical to the partition
function of the theory 2 at level −k and rank |k| −N . In other words the two theories are
related by level rank duality. In this section we will explicitly compute v[ρ] for the theories
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(1.4). We demonstrate that our results (1.7) obey (2.2) when the two different theories (1
and 2) are related by the duality map (1.7).
By performing the path integral over the gauge fields, it was shown in [15] that (2.1)
reduces, in the large N limit, to the saddle point solution to the capped matrix model (see
equations (1.6) and (1.7) in [15])
Z =
∫
DUexp
[
−V2T
2v[U ]
]
. (2.4)
The integral measure DU is capped in a sense we now explain. v[U ] is most conveniently
regarded as a functional of the eigenvalue density of the unitary matrix U (see [15] for
definitions and more details). The integral over unitary matrices in (2.4) may be thought
of as an integral over eigenvalue density functions that obey the restriction ρ(α) ≤ 12pi|λ| .
As an eigenvalue distribution is intrinsically positive, we also have the inequality ρ(α) ≥ 0.
The result (2.4) is accurate in the large N limit when V2T
2 is of order N and when all
dimensionful parameters in the Lagrangian, in units of the inverse radius of the sphere,
scale like N
∆
2 , (∆ is the dimension of the parameter)
Given the explicit form of v[ρ] it turns out not to be difficult to solve the large N
saddle point equations that follow from the capped matrix integral (2.4) [15, 16]. The
solution to this matrix model determines the saddle point value of the eigenvalue density
function ρ(α). The saddle point value of ρ(α) always tends to a universal form in the high
temperature (or large volume) limit, V T
2
N
≫ 1, given by [15]
ρuniv(α) =
1
2π|λ|
(|α| ≤ π|λ|)
ρuniv(α) = 0 (|α| > π|λ|).
(2.5)
In this limit the theory effectively lives on R2 and the thermal free energy is simply given
by V T 2v[ρuniv].
In this section we present explicit results for the function v[ρ] for the theory (1.4). Our
result for v[ρ] depends on five field theory parameters divided by appropriate powers of the
temperature. These parameters are
mˆ2B = β
2m2B , mˆF = βmF , bˆ4 = βb4, x4, x6 (2.6)
(β is the inverse temperature). The results also depend on the two independent non
dimensionalized chemical potentials νF = βµF and νB = βµB . Here µB and µF are the
chemical potentials for the symmetries under which φ→ eiαφ and ψ → eiαψ respectively.8
The methods we have employed to obtain our results are identical to those employed
in [5, 10, 13, 15], see appendix A.1 for details of the computation. The procedure that
was used by [5, 10, 13, 15] to obtain the thermal free energy also evaluates the thermal
8The Lagrangian (1.4) is invariant under separate rephasings of the bosonic and fermionic fields provided
y′′4 = 0. It turns out that the free energy of our system is independent of y
′′
4 at leading order in the large
N limit studied in this paper. For this reason it appears to be consistent to turn on independent chemical
potentials for bosons and fermions, for any field theory of the form (1.4), in the large N limit studied in
this paper.
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masses of the bosonic and fermionic fields. Below present explicit results for these thermal
masses in addition to the free energy functional v[ρ]. In the zero temperature limit these
masses reduce to the physical scattering pole masses of the bosonic and fermionic fields
respectively.
2.1 Results for pole masses and thermal free energy
In this section we describe our results for the pole masses and finite temperature free
energies of the action (1.4).
In the lightcone gauge of [5], which we use in this paper, the exact propagators for the
bosonic and fermionic fields in our problem, take the form
〈φ¯j(−q)φ
i(p)〉 =
(2π)3δijδ
3(−p+ q)
p˜2 + c2BT
2〈
ψ¯j(−q)ψ
i(p)
〉
=
−δij(2π)
3δ3(−p+ q)
iγµp˜µ + Σ˜F (p)
.
(2.7)
We work in the finite temperature Euclidean theory in which the direction x3 is compact-
ified on a circle of circumference β. In our expression for the bosonic propagator we have
used the symbol p˜µ whose definition is
p˜µ = pµ + iδµ,3µB . (2.8)
In a similar fashion the symbol p˜µ that appears in the fermionic propagator is defined by
p˜µ = pµ + iδµ,3µF . (2.9)
Upon solving the gap equation that determines these exact propagators in the large
N limit we find that Σ˜F (p) is given by
Σ˜F (p) =f(pˆs)ps + ig(pˆs)p+γ
+
f(pˆs) =
λ
pˆs
∫
dαρ(α)
{
log(2 cosh
√
pˆ2s + c
2
F + iα+ νF
2
) + log(2 cosh
√
pˆ2s + c
2
F − iα− νF
2
)
− x4
(
log(2 cosh
cB + iα+ νB
2
) + log(2 cosh
cB − iα− νB
2
)
)}
+
mˆF
pˆs
g(pˆs) =
c2F
pˆ2s
− f(pˆs)
2 (2.10)
where α represents holonomy and ρ(α) is holonomy distribution, and pˆµ is the non dimen-
sionalized momentum
pˆµ =
pµ
T
. (2.11)
As in [5] we use the symbol ps to denote
√
p21 + p
2
2 (see [5] for more details).
The constants cB and cF that appear in (2.7) have the interpretation of the thermal
mass (in units of the temperature) of the bosonic and fermionic fields respectively. These
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quantities are determined as solutions to the equations
c2F = {2λ(C − x4S) + mˆF}
2 (2.12)
c2B =λ
2(1 + 3x6)S
2 − 4λbˆ4S + 4x4
(
λ2C2 − 2x4λ
2SC + mˆFλC
)
+ mˆ2B (2.13)
where hatted variables were defined in (2.6) and9
C =
1
2
∫
dαρ(α)
(
log(2 cosh
|cF |+ iα+ νF
2
) + log(2 cosh
|cF | − iα− νF
2
)
)
(2.14)
S =
1
2
∫
dαρ(α)
(
log(2 sinh
|cB |+ iα+ νB
2
) + log(2 sinh
|cB | − iα− νB
2
)
)
. (2.15)
The gap equations presented above simplify in the zero temperature limit. This limit
is taken by setting
cB = βcB,0, cF = βcF,0, νF = βµF , νB = βµB
in the equations above and taking β to infinity holding cB,0, cF,0, µF and µB fixed.
10 In
this limit
βS →
max(|cB,0|, |µB |)
2
, βC →
max(|cF,0|, |µF |)
2
. (2.16)
Using these replacement rules it is easily verified that the gap equations reduce in this limit
to (1.6) and (1.5) reported in the introduction in the case that |cF | > |µF | and |cB | > |µB |;
the equations in the other cases may be worked out as easily.11
9The gap equations (2.12) and (2.13) both involve only functions of |cF | rather than |cF | itself. It follows
that if (cF , cB) is a solution to the gap equations then (−cF , cB) is also a solution to the same equation.
However these two related solutions actually specify the same physical solution, as the propagator and the
free energy are functions of |cF | rather than cF itself. This fact may be emphasized by writing (2.12) may
be rewritten as an equation for |cF | as
|cF | = |2λ(C − x4S) + mˆF |
(note that the RHS of this equation is a function only of |cF |). Alternately we could rewrite (2.12) as
cF = 2λ(C − x4S) + mˆF
(where we have chosen a particular branch of the square root, quite at random; which branch we choose
has no physical significance). Both these forms of the equation capture all of its physical content. The last
form makes it clear that the solution is in fact an analytic function of field theory parameters as cF crosses
zero.
10Note that cB,0 and cF,0 are simply the dimensionful zero temperature pole masses of the boson and
fermion respectively, while µF and µB are the dimensionful fermionic and bosonic chemical potentials.
11It is possible to explicitly solve (1.6) and (1.5) to obtain the zero temperature pole masses as a function
of the parameters of the Lagrangian. This process requires us to solve a quadratic equation; in general we
find two inequivalent branches of solutions. Although we have not analysed this question, a similar situation
presumably persists at finite temperature. The thermodynamically preferred branch is the one that has the
lower free energy. It would be interesting to analyse the space of solutions, and thermodynamical properties,
of the finite temperature gap equations.
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Returning to the finite temperature computation, the function v[ρ] (which determines
thermal free energy of our system on a sphere via (2.4), ) is given by
6πv[ρ]
N
=− |cB |
3 + 2(c2B − mˆ
2
B)S + 3
∫
dαρ(α)
∫ ∞
|cB|
dyy
(
log(1− e−y−iα−νB ) + log(1− e−y+iα+νB )
)
+ |cF |
3 − 2(c2F − mˆ
2
F )C − 3
∫
dαρ(α)
∫ ∞
|cF |
dyy
(
log(1 + e−y−iα−νF ) + log(1 + e−y+iα+νF )
)
+ 2λbˆ4S
2 + 2λmˆF C
2 − 4λx4mˆFSC
+ |cˆB,0|
3 + |cˆB,0|mˆ
2
B − |cˆF,0|
3 − |cˆF,0|mˆ
2
F −
λ
2
bˆ4cˆ
2
B,0 −
λ
2
mˆF cˆ
2
F,0 + x4λmˆF |cˆB,0||cˆF,0|,
(2.17)
where we have defined
cˆF,0 = βcF,0, cˆB,0 = βcB,0. (2.18)
Terms in v[ρ] above that scale like β3 (and are independent of all chemical potentials and
the holonomy) are ambiguous; they can be modified by adding a cosmological constant
counter term to the field theory action. Physically this ambiguity affects only the vacuum
energy of the theory; such an ambiguity is always present in any quantum field theory
decoupled from gravity. We have chosen to fix this ambiguity by a choice of cosmological
constant counterterms that sets the zero temperature vacuum energy of our theory to zero.
In obtaining the relatively simple expression (2.17) for v[ρ], we have made liberal use
of the gap equations. In that sense (2.17) is an ‘on-shell’ expression for the free energy.
It is possible to add terms to (2.17) that vanish on-shell (i.e. when the gap equations
are satisfied) to obtain an off-shell ‘Landau Ginzburg’ free energy that has the following
interesting property: the gap equations may be derived from this off-shell free energy by
extremizing it w.r.t cB and cF .
12 This off-shell free energy may be regarded as a Landau
Ginzburg free energy, which is a function of the order parameters cB and cF .
Algebraically, the off-shell free energy may be obtained as follows. We first view the
equations (2.12) and (2.13) as equations that determine S and C as functions of cF and
cB . Solving these equations yields S = S(cF , cB) and C = C(cB , cF ). We then plug these
solutions into every explicit occurrence of S and C in (2.17). This procedure may be
implemented explicitly, and yields the complicated but explicit expression for v[ρ] given
in Appendix A.2. The expression for v[ρ] so obtained is clearly identical to (2.17) on-
shell; moreover it turns out that its variation yields the gap equations. We have checked
this assertion using the explicit expression presented in Appendix A.2; it is also possible
to formally verify this claim (without using the explicit expressions of Appendix A.2) as
12The existence of such an off-shell free energy follows from the derivation of the gap equations presented
in [10]; the gap equations were derived there by varying the free energy w.r.t the α and Σ variables defined
in that paper.
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follows. The derivative of the off-shell v[ρ] w.r.t cB and cF is given by
6π
N
∂v[ρ]
∂|cB |
=2
(
c2B −m
2
B
) ∂S
∂|cB |
− 2|cB |S − 2
∂C
∂|cB |
(
c2F −m
2
F
)
+ 4λb4S
∂S
∂|cB |
+ 4mFλC
∂C
∂|cB |
− 4x4λmF (
∂C
∂|cB |
S + C
∂S
∂|cB |
)
6π
N
∂v[ρ]
∂|cF |
=− 2
∂C
∂|cF |
(
c2F −m
2
F
)
+ 2C|cF |+ 2
(
c2B −m
2
B
) ∂S
∂|cF |
+ 4λb4S
∂S
∂|cF |
+ 4mFλC
∂C
∂|cF |
− 4x4λmF (
∂C
∂|cF |
S + C
∂S
∂|cF |
). (2.19)
We have shown that the right-hand side of both these expressions vanish by using (2.12)
and (2.13) (and their derivative of these equations w.r.t cB and cF ). In other words the
variation of our off-shell v[ρ] w.r.t. cB and cF vanishes when the gap equations are satisfied,
i.e. the gap equations follow from the variation of the off-shell action.
2.2 Invariance of the gap equations under duality
In this subsection we will demonstrate that, under appropriate conditions, the gap equa-
tions (2.12) and (2.13) are invariant under the duality map (1.7) provided we interchange
cB and cF as well as the bosonic and fermionic chemical potentials µB and µF and also
perform a duality transformation of the holonomy distribution (2.3). In the next subsection
we will show that the analogous result also holds for the free energy functional v[ρ]. As
explained above, this result guarantees the duality invariance of the S2 thermal free energy
of the theories (1.4) under the duality transformation (1.7).
The gap equations (2.12) , (2.13) and the free energy (2.17) enjoy invariance under
duality only when the following three conditions are met
|cB | ≥ |νB | (2.20)
|cF | ≥ |νF | (2.21)
sgn(λ) {2λ(C − x4S) + mˆF } ≥ 0. (2.22)
When any of the three conditions listed above are not met, the gap equations and free
energy presented in this paper do not enjoy invariance under duality. We now present a
possible interpretation of this fact, following [13].
When the condition (2.20) is violated we would, at least naively, expect the bosonic
field in our theory to condense.13 In other words when (2.20) is not met it seems likely
either that the ‘uncondensed’ gap equations presented in this paper have no solution, or
that if a solution exists it is not the dominant saddle point.14 We suspect that the same
13Condensation of the scalar field could well occur even though the finite temperature path integral
studied in this paper is effectively two dimensional, and spontaneous symmetry breaking of a continuous
symmetry is forbidden in two dimensions. This is because we are studying a gauge theory; the condensation
phenomenon in this theory is the Higgs phenomenon and does not result in a massless Goldstone field.
14Indeed if such a solution exists it may not even be a legal saddle point of our theory - whether dominant
or not - as in deriving the saddle point equation from the field theory action one appears to have performed
integrals of the form
∫
dxe−ax
2
with Re(a) < 0.
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is true when the the condition (2.22) is not met; in this situation as well we suspect that
the true saddle point of our theory involves a Bose condensate.15
A very similar phenomenon appears to occur in the critically coupled scalar field cou-
pled to a Chern Simons gauge field, as we have investigated in some detail in Appendix B
(see [13] for a related discussion).16
In summary, we believe that when either of the conditions (2.20) or (2.22) is violated,
the expressions for thermal masses and free energies presented in this paper do not apply.17
What of the condition (2.21)? This is simply the duality map of the condition (2.20) (it
is possible to verify that the condition (2.22) is invariant under duality). In other words,
the gap equations and thermal free energy presented in this paper are correct if and only
if (2.20) and (2.22) apply both in the original theory and in the dual theory. This is what
we would expect if it is indeed true that the correct saddle point is different from the one
presented in this paper if either (2.20) or (2.22) are violated.
Provided that (2.20) and (2.22) are obeyed, the expressions S and C in (2.15) and
(2.14) transform under duality as
λ′S ′ = −
sgn(λ)
2
|cF |+ λC, λ
′C′ = −
sgn(λ)
2
|cB |+ λS (2.23)
(here unprimed quantities refer to the original theory and primed quantities to the dual
theory). Using these relations and (2.22), the dual equation
(c′F )
2 =
{
2λ′(C′ − x′4S
′) + mˆ′F
}2
(2.24)
may easily be shown to reduce to (2.12), as we now explain. We first rewrite (2.24) as
|c′F | = sgn(X
′)
{
2λ′(C′ − x′4S
′) + mˆ′F
}
(2.25)
where
X ′ = (C′ − x′4S
′) + mˆ′F .
Using (2.23) (which, recall is valid provided that (2.20) and (2.21) apply), we may rewrite
(2.25) as
|cB | = −sgn(λ)sgn(X
′)|cB |+
sgnX′
x4
[sgn(λ)|cF | − (2λ(C − x4S) + mˆF )] . (2.26)
15This expectation is supported by a slight generalization of an argument presented in [9, 13]. Let us
work at zero temperature and chemical potential. In this situation the RHS of (2.22) vanishes when the
physical mass of the fermionic field vanishes. It follows that the physical fermion mass flips sign when the
RHS in (2.22) flips sign. The effective level of the low energy Chern Simons theory, obtained by integrating
out the massive fermionic field changes by one unit as the fermion flips sign. This suggests that the rank of
the dual low energy gauge group is reduced by one unit under level rank duality, a phenomenon that occurs
due to the Higgs mechanism when a scalar condenses. We thank O. Aharony for explaining this to us.
16We have not carefully investigated the conditions under which the saddle point equations presented in
this paper have solutions. We strongly suspect that solutions exist when the inequalities (2.20), (2.21) and
(2.22) are all met. We also suspect that solutions do not always exist when some of these conditions are
violated. We leave an investigation of this issue to future work.
17It seems possible that the correct expressions for the free energy and thermal masses are simply obtained
by analytically continuing the ‘legal’ expressions presented in this paper (i.e. the expressions when (2.20)
and (2.22) do apply) to values of parameters where they are apparently violated. See Appendix B for a
discussion of this in a simpler context.
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If the inequality (2.22) applies to the primed theory then (2.26) simplifies (recall sgn(λ) =
−sgn(λ′)) to
2λ (C − x4S) + mˆF = sgn(λ)|cF |. (2.27)
Clearly the RHS and LHS of (2.27) have the same sign if and only
sgn(λ)sgn(X) = 1. (2.28)
We assume that (2.24) has a solution. This implies that (2.27) has a solution (as (2.27)
is simply a rewriting of (2.24)), and so it follows that (2.28) is met. In other words we
have used the inequality (2.22) (and other conditions) for the primed theory to derive
the inequality (2.22) for the unprimed theory, justifying the claim above that (2.22) is a
‘selfdual’ condition. Squaring (2.27) we now recover (2.12), the unprimed version of (2.24),
as we set out to show.
By plugging (2.23) into the primed version of (2.13)
c′B
2 =λ′2(1 + 3x′6)S
′2 − 4λ′bˆ′4S
′ + 4x′4
(
λ′2C′2 − 2x′4λ
′2S ′C′ + mˆ′Fλ
′C′
)
+ mˆ′B
2 (2.29)
and eliminating C using (2.12) one also recover (2.13) (we do not present the details of the
straightforward algebra here). In other words the gap equations enjoy invariance under
duality under the appropriate conditions. The duality invariance of the gap equations at
zero temperature (1.5),(1.6) follow by taking zero temperature limit.
2.3 Invariance of the free energy under duality
In this subsection we will illustrate the free energy (2.17) is also invariant under the duality
transformation (1.7), provided we also simultaneously interchange cB and cF and νB and
νF with (2.3).
We find it convenient to study the duality transformation of v[ρ] after dividing it by
k; in other words we study the transformation of
6πv[ρ]
k
=− λ|cB |
3 + 2(c2B − mˆ
2
B)λS + 3
∫
dαλρ(α)
∫ ∞
|cB|
dyy
(
log(1− e−y−iα−νB ) + log(1− e−y+iα+νB )
)
+ λ|cF |
3 − 2(c2F − mˆ
2
F )λC − 3
∫
dαλρ(α)
∫ ∞
|cF |
dyy
(
log(1 + e−y−iα−νF ) + log(1 + e−y+iα+νF )
)
+ 2bˆ4(λS)
2 + 2mˆF (λC)
2 − 4x4mˆFλ
2SC
+ λ|cˆB,0|
3 + λ|cˆB,0|mˆ
2
B − λ|cˆF,0|
3 − λ|cˆF,0|mˆ
2
F −
1
2
bˆ4(λcˆB,0)
2 −
1
2
mˆF (λcˆF,0)
2 + x4λ
2mˆF |cˆB,0||cˆF,0|.
(2.30)
We will demonstrate that the RHS of this expression maps to minus itself under duality.
This ensures v[ρ] maps to itself under duality (recall since k goes to −k under duality).
In order to demonstrate the invariance of the RHS under duality, upto a minus sign,
we find it convenient to decompose the RHS of (2.30) into four parts; RHS=f1+f2+f3+f4
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where
f1 =− λ|cB |
3 + 2c2BλS + λ|cF |
3 − 2c2FλC (2.31)
f2 =3
∫
dαλρ(α)
∫ ∞
|cB|
dyy
(
log(1− e−y−iα−νB ) + log(1− e−y+iα+νB )
)
− 3
∫
dαλρ(α)
∫ ∞
|cF |
dyy
(
log(1 + e−y−iα−νF ) + log(1 + e−y+iα+νF )
)
(2.32)
f3 =− 2mˆ
2
BλS + 2mˆ
2
FλC + 2bˆ4(λS)
2 + 2mˆF (λC)
2 − 4x4mˆFλ
2SC (2.33)
f4 =λ|cˆB,0|
3 + λ|cˆB,0|mˆ
2
B − λ|cˆF,0|
3 − λ|cˆF,0|mˆ
2
F −
1
2
bˆ4(λcˆB,0)
2 −
1
2
mˆF (λcˆF,0)
2 + x4λ
2mˆF |cˆB,0||cˆF,0|.
(2.34)
It is not difficult to demonstrate that f1, f2 map to −f1,−f2 respectively under duality
(we use (2.23), (2.3) and also the transformation of cB and cF , µB and µF ). The algebra
involved in the demonstration of the duality invariance of f3 and f4 is more lengthy, and
we used Mathematica. We find that18
f3 + f
′
3 =− (f4 + f
′
4) =
3mˆF
(
−4bˆ4mˆFx4 + 4mˆ
2
Bx
2
4 + mˆ
2
F (−1 + x6)
)
8x34
. (2.35)
In other words f3+f4 maps to −(f3+f4) under the duality transformation.
19 By collecting
these results it follows that (v[ρ])′ = v[ρ]. This completes our demonstration of invariance
of the thermal free energy under the duality transformation.
3. Scaling limits
As we have explained in the introduction, the general Lagrangian (1.4) simplifies in ap-
propriate scaling limits, in which the dimensionful parameters mF , mB and b4 are sent
to infinity in appropriate ratios. In this section we study some of these scaling limits and
their interplay under duality transformations.
3.1 Fermionic scaling limit
In this subsection we describe a set of scaling limits under which we conjecture that the
general renormalizable system (1.4) reduces to (1.15), a theory of fermions minimally cou-
pled to the Chern Simons gauge field. As evidence for our conjecture we demonstrate that
the gap equations (2.12), (2.13) and the free energy (2.17) reduce to the corresponding
objects for the regular fermion theory (1.15) in the limit presented in this subsection.
As explained in the introduction, we focus on scaling limits in which all dimensionful
Lagrangian parameters are taken to infinity at a rate governed by their scaling dimensions,
in the manner quantitatively described by (1.14). Inserting this limit into the gap equations
(1.6) allows us to solve for cB,0 and cF,0 (in terms of the parameters a1, a2, a3, g1, g2 of
(1.14)) in a power series expansion in mF . In particular we find that cF,0 takes the form
18This right-hand value is clearly invariant under the duality map (1.7).
19f4 corresponds to zero point energy subtraction so that v[ρ] = 0 at T = 0.
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Am2F + BmF + C. As we wish to tune our scaling limit so that cF,0 is held fixed at a
particular value - say c˜F,0 - in the limit mF → ∞, we must set A = B = 0 and C = c˜F,0.
These three conditions allow us to solve for a1, a2 and a3 in terms of g1, g2 and c˜F,0 (see
(1.14) for a definition of these quantities). We find
a1 =
λ2(8g1x4 − 3x6 − 1) + 4
4λ2x24
, a2 =
2g2
x4
−
mregF
(
λ2(4g1x4 − 3x6 − 1) + 4
)
2λ2x24
a3 = (m
reg
F )
2
(
x4
λ(λ− 2sgn(Xreg))
(sgn(Xreg)− λ)2
+
4
λ2
− 3x6 − 1
4x34
)
−
2g2m
reg
F
x4
(3.1)
with Xreg = mregF . Recall however that we only trust the results of this paper when the
inequality (2.22); at zero temperature in the fermionic limit (2.22) reduces to the condition
sgn(mregF ) = sgn(λ). We choose to study the limit (3.1) with
sgn(Xreg) = sgn(λ). (3.2)
(we will explain this choice very soon).
Now in the regular fermion theory (1.15), the fermionic pole mass is given in terms of
the mass parameter in (1.15) by the equation20
c˜F,0 =
mregF
sgn(mregF )− λ
. (3.3)
As we expect (1.4) to reduce to (1.15) in the scaling limit of this section, it is convenient
to make the substitution (3.3) into (3.1), so that our scaling limit is parameterized by mregF
rather than c˜F,0.
Let us now turn to the finite temperature gap equations of our system. These equations
may be simplified by noting that S = |cB|2 +O(e
−cB ) in the large cB limit. Making use of
this fact we find that the finite temperature gap equations simplify, in the scaling limit of
this section, to
cB =
mˆF − mˆ
reg
F
x4λ
+
b1
mˆF
+
b2
mˆ2F
+O(
1
mˆF
)3
C =
sgn(λ) cF − mˆ
reg
F
2λ
+
d1
mˆF
+
d2
mˆ2F
+O(
1
mˆF
)3
b1 =
2d1
x4
, b2 =
2d2
x4
(3.4)
d1 =
λx34
(
c2F −
(mˆreg
F
)2
(sgn(λ)−λ)2
)
λ2(4g1x4 − 3x6 − 1) + 4
d2 =
λx34
(
c2F −
(mˆreg
F
)2
(sgn(λ)−λ)2
) (
mˆregF
(
λ2
(
4x34 − 3x6 − 1
)
+ 4
)
− 4g2λ
2x4
)
(λ2(4g1x4 − 3x6 − 1) + 4)
2
20As we have explained above the sign of cF,0 and the sign of cF are ambiguous. Throughout this paper
we follow the convention that cF has the same sign as {2λ(C − x4S) + mˆF}
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The first equation in (3.4) asserts that cB is the same as cB,0 upto corrections that vanish
in the large mF limit (we will, however need to keep track of some of these corrections in
order to get the correct value of v[ρ], as we will explain below). The leading order piece in
the second equation in (3.4) may be rewritten as
C =
sgn(λ) |cF | − mˆ
reg
F
2λ
(3.5)
(after substituting for c˜F,0 in terms of m
reg
F ). However (3.5) is precisely the gap equation
for the regular fermionic theory (1.15) (see (B.2)) provided
sgn(λ)
(
mregF + 2λC
)
≥ 0. (3.6)
It is easily verified that (3.6) follows as a consequence of (2.22). In other words the finite
temperature gap equation of (1.4) agrees precisely with the same equation in the purely
fermionic theory (1.15) whenever our results are reliable (i.e. whenever (2.22) is valid).
We now turn to the computation of the off-shell free energy of our system in the
fermionic scaling limit. Recall that, in general, the procedure for computing this off-shell
free energy is to use the gap equations to solve for S and C in terms of cF and cB and to
substitute these expressions into (2.30). This procedure is particularly easy to implement in
the scaling limit of this section. The required solutions are given in the first two equations
of (3.4) (recall that S = |cB|2 in the limit under study). Plugging these into (2.30) and
collecting terms21 we find that all divergent pieces in v[ρ] cancel leaving a finite result
given by
v[ρ]
=
N
6π
[
|cF |
3 (λ− sgn(λ))
λ
+
3
2λ
c2F mˆ
reg
F −
1
2λ
(mˆregF )
3
(λ− sgn(mregF ))
2
− 3
∫ pi
−pi
dαρ(α)
∫ ∞
|cF |
dy y(ln(1 + e−y−iα−νF ) + ln(1 + e−y+iα+νF ))
]
. (3.7)
(3.7) agrees precisely with the corresponding result for the regular fermion theory (the
correct expression is a slight generalization of Eq.(7.20) in [13] and Eq.(3.5) in [15]).
Notice that both the leading order finite temperature gap equation and the leading
order off-shell expression for v[ρ] were independent of g1, g2, x4 and x6. We conjecture
that the same is true for every physical quantity in the fermionic scaling limit. For this
reason we refer to these quantities as spurious or unphysical in the scaling limit under
consideration.22
21Note that S and C in (2.30) are multiplied by terms that diverge like m2F in the scaling limit considered
in this paper. For this reason it was very important to keep all subleading terms in the first two equations
of (3.4), upto order O(1/m2F ). Omitting these terms would lead to a divergence at order mF and errors in
the finite piece.
22In particular we could focus on the special case g1 = 0. In this case b4 is held fixed, rather than being
scaled to infinity. In other words it is not necessary to scale b4 to infinity in order to decouple the bosons.
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3.2 Bosonic scaling limit
In this subsection we describe the bosonic scaling limit which we have already touched
upon in the introduction. Our analysis closely parallels that of the fermionic scaling limit,
so we will keep the discussion brief.
As described in the introduction, the bosonic scaling limit is achieved by the scaling
(1.14) with parameters chosen to ensure that cB,0 is held fixed at c˜B,0 while cF,0 is taken
to infinity. As in the previous section, the last condition yields 3 equations that allows us
to solve for a1, a2 and a3 and we find
23
a1 = x4 −
x4
(sgn(mF )− λ)2
, a2 = 2m
cri
B λ
(
x24
(
1
(sgn(mF )− λ)2
− 1
)
+ g1
)
,
a3 =
1
4
(mcriB )
2
(
λ2x34
(
4−
4
(sgn(mF )− λ)2
)
− (3x6 + 1)λ
2 + 4
)
+ 2mcriB g2λ.
(3.8)
Anticipating that the bosonic scaling limit will lead to the theory of a critical boson, we
find it convenient to set
c˜B,0 = m
cri
B (3.9)
(recall that (3.9) captures the relationship between the pole mass and mass parameter for
the Lagrangian (1.17), see [13]).
In the limit under consideration C = |cF |2 upto exponential corrections. Using this
relationship we find that the finite temperature gap equation takes the form
cF =
mˆF −m
cri
B x4λ
sgn(mF )− λ
+
b1
mˆF
+
b2
mˆ2F
+O(
1
mˆF
)3
S =
mˆcriB
2
+
d1
mˆF
+
d2
mˆ2F
+O(
1
mˆF
)3
d1 = b1
−sgn(mF ) + λ
2x4λ
, d2 = b2
−sgn(mF ) + λ
2x4λ
b1 = −
x4(sgn(mF )− λ)
(
c2B − (mˆ
cri
B )
2
)
2λx24(λ− 2sgn(mF ))− 2g1(λ− sgn(mF ))
2
(3.10)
b2 =
x4(−λ+ sgn(mF ))(c
2
B − (mˆ
cri
B )
2)
8
(
g1(sgn(mF )− λ)2 + λx24(2sgn(mF )− λ)
)2B
B = λmˆcriB
(
1 + 3x6(λ− sgn(λ))
2 + λ
(
4x34 − 1
)
(2sgn(λ)− λ)
)
− 4(−λ+ sgn(mF ))
2g2.
At leading order, the second of (3.10) is simply the gap equation for the massive critical
boson theory (see Eq.(7.22) of [13] and Eq.(3.11) of [15]) provided sgn(mF ) = sgn(λ). It
is easily seen that the inequality (2.22) is obeyed if and only if
sgn(λmF ) ≥ 0. (3.11)
23Note that, scaling limits discussed in this section are not unique. For example, one can also obtain
critical bosonic theory by scaling mF →∞ with b4 = g1m
2
F +g2mF +g3 keepingmB, x4, x6 fixed. Following
exactly same procedure as described in this section, one can find out g1, g2 and g3 in terms of parameters
which are kept fixed. In this scaling limit as well one obtains free energy which is same as that of critical
boson.
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In other words the finite temperature gap equation in the bosonic scaling limit agrees with
the gap equation of the critical boson theory whenever our calculations are reliable.
Substituting into (2.30) we find that the leading order off-shell expression for v[ρ] is
finite, independent of g1, g2, x4, x6, and is given by
24
v[ρ]
=
N
6π
[
−|cB |
3 +
3
2
mˆcriB c
2
B −
1
2
(mˆcriB )
3
+ 3
∫ pi
−pi
ρ(α)dα
∫ ∞
|cB|
dy y(ln
(
1− e−y−iα−νB
)
+ ln
(
1− e−y+iα+νB )
)]
. (3.12)
This is the correct expression for v[ρ] in the critical boson theory (1.19).
3.3 The critical scaling limit
We now turn to a study of the critical scaling limit described in the introduction. In this
limit we scale b4 to infinity keeping both cF,0 and cB,0 fixed at the values
cF,0 = c˜F,0 =
mregF
sgn(λ)− λ
cB,0 = c˜B,0 = m
cri
B .
(3.13)
As described in the introduction, this is achieved by keeping mF fixed but scaling mB and
b4 to infinity according to
mB →∞
mF = m
reg
F + x4λm
cri
B
b4 =
1
2mcriB λ
m2B + g2
g2 =
(mregF )
2x4
(
1
(sgn(λ)−λ)2
− 1
)
+ 14(m
cri
B )
2
(
λ2(3x6 + 1)− 4
)
2mcriB λ
.
(3.14)
The finite temperature gap equation reduces, in this limit to
S =
mˆcriB
2
+
b1
mˆB
+
b2
mˆ2B
+O(
1
mˆB
)3
b1 = 0, b2 =
1
2
mˆcriB
(
c2Fx4 −
(mˆregF )
2x4
(sgn(λ)− λ)2
− c2B + (mˆ
cri
B )
2
)
.
(3.15)
24As in the previous subsection, it is important to retain subleading corrections in the first and second
equation in (3.10) in order to get this expression for v[ρ].
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Substituting these relations into (2.30) yields a finite off-shell expression for v[ρ] given by
v[ρ]
=
N
6π
[
|cF |
3 (λ− sgn(λ))
λ
+
3
2λ
c2F mˆ
reg
F −
1
2λ
(mˆregF )
3
(λ− sgn(mregF ))
2
− |cB |
3 +
3
2
mˆcriB c
2
B −
1
2
(mˆcriB )
3
− 3
∫ pi
−pi
dαρ(α)
∫ ∞
|cF |
dy y(ln(1 + e−y−iα−νF ) + ln(1 + e−y+iα+νF ))
+ 3
∫ pi
−pi
ρ(α)dα
∫ ∞
|cB|
dy y
(
ln
(
1− e−y+iα+νB
)
+ ln
(
1− e−y+iα+νB
))]
. (3.16)
We have independently computed the gap equation and the expression for v[ρ] for the
system (1.19); our results agree exactly with those presented above at leading order in 1
mB
provided that
sgn(λ)sgn
(
2λC +mregF
)
≥ 0. (3.17)
It is easily verified that (3.17) follows as a consequence of (2.22). We conjecture that x4
and x6 (which drop out of both the gap equation and the expression for v[ρ] at leading
order) are spurious or unphysical in the critical scaling limit.
The system (1.19) itself admits two natural scaling limits. If we take the fermionic
pole mass of the system to infinity holding the bosonic pole mass fixed we are left with a
theory of a massive critical boson (1.17). On the other hand if we take the bosonic pole
mass of the system to infinity holding the fermionic pole mass fixed, we are left with the
theory of regular fermion (1.15). It is easy to verify that the gap equations (3.15) and the
expression for v[ρ] (3.16) reduce to the correct expressions for the corresponding quantities
in the appropriate limits.
3.4 Action of duality on scaling limit
3.4.1 Critical boson vs regular fermion
In subsection 3.1 we described the so called ‘fermionic’ scaling limit of the action (1.4). In
this limit x4 and x6 were held fixed while mF is scaled to infinity and b4 and m
2
B are also
scaled to infinity, in a manner determined by the two parameters g1 and g2, as described
in (3.1).
Applying the duality map (1.7) to this scaling limit yields a scaling expression for the
dual quantities m′B , m
′
F , b
′
4, x
′
4 and x
′
6. We have verified that the resultant expressions for
the dual quantities agree precisely with the bosonic scaling limit of subsection 3.2 provided
we make the obvious identifications (from (1.7))
x′4 =
1
x4
, x′6 = 1 +
1− x6
x34
, m′F =
−mF
x4
(3.18)
together with the new identifications
g′1 =
1
x4
g1 +
3
4
1− x6
x24
, g′2 = −
1
x24
g2. (3.19)
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(g′1 and g
′
2 are the parameters g1 and g2 that enter the bosonic scaling limit (3.8)).
25 In
other words duality interchanges the fermionic and bosonic scaling limits, as claimed in
the introduction
3.4.2 Self duality of the critical scaling limit
As in the previous subsection, it is not difficult to examine the action of the duality map
(1.7) on the critical scaling limit. We find that the dual expressions for all parameters once
again fall into the critical scaling limit with x4 and x6 transformed according to (1.7) and
c′F,0 = cB,0, c
′
B,0 = cF,0. (3.21)
This in particular implies that the Lagrangian (1.19) enjoys a self duality with the dual
interchange of parameters
m′
cri
B = −
1
λ− sgn(λ)
mregF
m′
reg
F = −λm
cri
B
(3.22)
as claimed in the introduction.
4. Discussion
In this paper we have presented exact expressions for the pole masses and thermal free
energy of the class of quantum field theories (1.4) parameterized by 7 continuous and two
discrete parameters, in the large N limit. Our results allowed us to conjecture that the class
of theories (1.4) enjoys invariance under a strong weak coupling duality transformation
under which the parameters of the action transform according to (1.7). We have also
identified several interesting scaling limits of the action (1.4) and demonstrated that duality
interchanges these limits.
The duality (1.7) proposed in this paper reduces to the supersymmetric Giveon Ku-
tasov duality in one limit and to the ‘bosonization’ duality between Chern Simons coupled
regular fermions and critical bosons in another limit. In other words the nonsupersymmet-
ric bosonization duality may be regarded as a deformation of the supersymmetric Giveon
25In practice we obtained the transformation relations (3.19) by demanding that the expression for b′4
match the bosonic scaling limit, and then verified that the expression for (m′B)
2 also matches the bosonic
scaling limit with the same values of g′1 and g
′
2.
Using this duality map we have also checked that
c′B = cF
λ′C′ = −sgn(λ)
|cB |
2
+ λS
λ′S ′ = −sgn(λ)
|cF |
2
+ λC
(3.20)
including all subleading corrections upto terms of order 1
m2
F
.
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Kutasov duality26 As the supersymmetric duality is believed to be true at finite N , the
analysis presented in our paper suggests that the nonsupersymmetric bosonization duality
is also valid at finite N .27
The general field theory (1.4) is always renormalizable (and so well defined) in in the
strict large N limit studied in this paper. As we have emphasized in the introduction,
however, it could well be that only a subclass of these theories is renormalizable (so well
defined) at finite N . As we have explained in the introduction, one way of analyzing this
question would be to compute the scaling dimensions of the operators multiplying x4, x6,
y′4 and y
′′
4 , about the N = 2 fixed point, at first subleading order in the
1
N
expansion. It
would be very interesting (and may be possible) to carry out the relevant computations.
As we have explained in the text and in Appendix A.1, the gap equations and thermal
free energies presented in this paper enjoy invariance under duality only provided certain
inequalities are obeyed. We have interpreted this fact to suggest that the bosonic field in
the problem condenses when these inequalities are not obeyed (see closely related remarks
in [13]). If this conjecture is correct it would be very interesting to honestly compute the
free energy of our system in the condensed phase, and to verify duality of the free energy
in the full range of parameter space.28 This issue is very interesting from the physical
viewpoint: Bose condensation is very bosonic behaviour, so it is particularly interesting to
see how it interplays with bose-fermi duality.
It should be straightforward (if potentially messy) to repeat the analysis of this paper
to the theory with two fundamental scalars and two fundamental fermions. The class of
theories with this field content includes N = 2 theories with one fundamental and one
antifundamental chiral multiplet and an N = 3 theory. The conjectured Giveon Kutasov
duality for these theories has a new element; the dual theory includes a singlet ‘Lagrange
multiplier’ type chiral field. It would be interesting to investigate how this new field impacts
the general nonsupersymmetric.
It would be interesting to identify the Vasiliev duals of the general class of theories
(1.4). As all these theories may be obtained from the N = 2 theory via relevant and
marginal deformations by local single and multitrace operators, it follows that it should
be possible to obtain the Vasiliev duals of these theories from that of the N = 2 theory
described in [17] by a suitable deformation of boundary conditions. This exercise is of
interest, as we expect the nontrivial strong weak coupling duality (1.7) to be manifest from
the Vasiliev point of view.
It would be very interesting to study the exact S matrix for scattering of (say) four
partons (four scalars, four fermions, or two scalars with two fermions) in the large N
limit. The graphs that determine this quantity are summed by the solution to an integral
26Note that, for instance, the inequality (2.22) is obeyed, in the Fermionic scaling limit, provided that
the (3.6) is obeyed. We see no obstruction to deforming the N = 2 superconformal theory to the fermionic
scaling limit s.t. the inequality (2.22) is obeyed along the entire path. We thank O. Aharony for discussions
on this issue.
27We have not succeeded in reproducing the conjectured duality between critical fermions and regular
bosons as a limit of the duality (1.7); it would be interesting to see if this is possible.
28As we have emphasized in Appendix B (see also [13]) a very similar issue arises even in the simplest
example of this bosonization duality.
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equation, whose form was determined in [5] in the special case of the fermionic theory. It
is possible that a careful study of the generalization of these integral equations can be used
to prove the invariance of this S matrix under duality. We hope to return to this question
in the future.
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A. Details of the computation
A.1 Exact effective action
In this appendix, we illustrate how to derive the free energy (2.17) from the general action
(1.4). The method is the same as that used in [5, 10].
The first thing to do is to integrate out gauge field from the original action (1.4) by
taking the light-cone gauge [5]. After integrating out gauge field the action becomes
S =
∫
d3q
(2π)3
(
φ¯(−q)(q˜2 +m2B)φ(q) + ψ¯(−q)(iγ
µq˜µ +mF )ψ(q)
)
+N
∫
d3P
(2π)3
d3q1
(2π)3
d3q2
(2π)3
C1(P, q1, q2)χ(P, q1)χ(−P, q2)
+N
∫
d3P1
(2π)3
d3P2
(2π)3
d3q1
(2π)3
d3q2
(2π)3
d3q3
(2π)3
C2(P1, P2, q1, q2, q3)χ(P1, q1)χ(P2, q2)χ(−P1 − P2, q3)
+N
∫
d3P
(2π)3
d3q1
(2π)3
d3q2
(2π)3
8πiN
k(q1 − q2)−
ξ−(P, q1)ξI(−P, q2)
+N
∫
d3P
(2π)3
d3q1
(2π)3
d3q2
(2π)3
8πNx4
k
χ(P, q1)ξI(−P, q2) + · · · , (A.1)
where
χ(P, q) =
1
N
φ¯(
P
2
− q)φ(
P
2
+ q), (A.2)
ξI(P, q) =
1
2N
ψ¯(
P
2
− q)ψ(
P
2
+ q), ξ−(P, q) =
1
2N
ψ¯(
P
2
− q)γ−ψ(
P
2
+ q). (A.3)
C1(P, q1, q2) =
2πiN
k
((−P + q1 + q2)3 + µB)(P + q1 + q2)−
(q1 − q2)−
+
4πNb4
k
, (A.4)
C2(P1, P2, q1, q2, q3) =
4π2N2
k2
(P1 − P2 + 2q1 + 2q2)−(P1 + 2P2 + 2q2 + 2q3)−
(P1 + P2 + 2q1 − 2q2)−(P1 − 2q2 + 2q3)−
+
4π2N2x6
k2
. (A.5)
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and the ellipsis contains (ψ¯φ) and (φ¯ψ) terms containing y′4, y
′′
4 couplings as well as the
1/N correction terms.
The next thing is to assume the translational invariance for the fields to study vacuum
structure of this system.
χ(P, q) = (2π)3δ3(P )χ(q) ξI(P, q) = (2π)
3δ3(P )ξI(q), ξ−(P, q) = (2π)
3δ3(P )ξ−(q).
(A.6)
Then the action reduces to
S =
∫
d3q
(2π)3
(
φ¯(−q)(q˜2 +m2B)φ(q) + ψ¯(−q)(iγ
µq˜µ +mF )ψ(q)
)
+NV
∫
d3P
(2π)3
d3q1
(2π)3
d3q2
(2π)3
4πNb4
k
χ(q1)χ(q2)
+NV
∫
d3q1
(2π)3
d3q2
(2π)3
d3q3
(2π)3
C2(0, 0, q1, q2, q3)χ(q1)χ(q2)χ(q3)
+NV
∫
d3q1
(2π)3
d3q2
(2π)3
8πiN
k(q1 − q2)−
ξ−(q1)ξI(q2)
+NV
∫
d3q1
(2π)3
d3q2
(2π)3
8πNx4
k
χ(q1)ξI(q2), (A.7)
in the leading of large N , where V = (2π)3δ(0). Note that the couplings y′4, y
′′
4 have gone
away from the action at this stage.
The third thing is to introduce auxiliary fields and rewrite the interaction terms in
terms of them. We add the following terms into the action (A.7).
−NV
∫
d3q
(2π)3
(
ΣB(q)(αB(q)− χ(q)) + 2Σ
I
F (q)(αF I(q)− ξI(q)) + 2Σ
−
F (q)(αF−(q)− ξ−(q))
)
− Sint(χ, ξI , ξ−) + Sint(αB , αFI , αF−) (A.8)
where Sint(χ, ξI , ξ−) represents the interaction terms. Then the action including these
terms denoted by S˜ becomes
S˜ =
∫
d3q
(2π)3
φ¯(−q)
(
q˜2 +m2B +ΣB(q)
)
φ(q) + ψ¯(−q)(iγµq˜µ +mF +ΣF (q))ψ(q)
+NV
∫
d3P
(2π)3
d3q1
(2π)3
d3q2
(2π)3
4πNb4
k
αB(q1)αB(q2)
+NV
∫
d3q1
(2π)3
d3q2
(2π)3
d3q3
(2π)3
C2(0, 0, q1, q2, q3)αB(q1)αB(q2)αB(q3)
+NV
∫
d3q1
(2π)3
d3q2
(2π)3
8πiN
k(q1 − q2)−
αF−(q1)αF I(q2)
+NV
∫
d3q1
(2π)3
d3q2
(2π)3
8πNx4
k
αB(q1)αF I(q2)
−NV
∫
d3q
(2π)3
ΣB(q)αB(q) + 2Σ
I
F (q)αF I(q) + 2Σ
−
F (q)αF−(q) (A.9)
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where ΣF = Σ
+
Fγ+ + Σ
−
F γ− + Σ
3
Fγ3 + Σ
I
F I with Σ
+
F = Σ
3
F = 0. Since this is quadratic
in terms of the bosonic and fermionic fields, one can integrating them out by Gaussian
integration, which gives
S˜ = NV
{∫
d3q
(2π)3
(
log(q˜2 +m2B +ΣB(q))− log(iγ
µq˜µ +mF +ΣF (q))
)
+
∫
d3q1
(2π)3
d3q2
(2π)3
4πNb4
k
αB(q1)αB(q2)
+
∫
d3q1
(2π)3
d3q2
(2π)3
d3q3
(2π)3
C2(0, 0, q1, q2, q3)αB(q1)αB(q2)αB(q3)
+
∫
d3q1
(2π)3
d3q2
(2π)3
8πiλ
(q1 − q2)−
αF,−(q1)αF,I(q2) +
∫
d3q1
(2π)3
d3q2
(2π)3
8πλx4αB(q1)αF,I(q2)
+
∫
d3q
(2π)3
(
−ΣB(q)αB(q)− 2ΣF,+(q)αF,−(q)− 2ΣF,I(q)αF,I(q)
)}
. (A.10)
Equations of motion for ΣB,ΣF are
αB(q) =
1
q˜2 +m2B +ΣB(q)
(A.11)
αF (q) =−
1
iγµq˜µ +mF +ΣF (q)
(A.12)
where αF = αF,+γ
+ + αF,−γ
− + αF,3γ
3 + αF,II with αF,+ = αF,3 = 0.
Equations of motion for αB , αF are
ΣF,+(p) =4πiλ
∫
d3q
(2π)3
1
(p − q)−
αF,I(q), (A.13)
ΣF,I(p) =− 4πiλ
∫
d3q
(2π)3
1
(p− q)−
αF,−(q) + 4πλx4
∫
d3q
(2π)3
αB(q), (A.14)
ΣB(p) =
∫
d3q
(2π)3
d3q′
(2π)3
[
C2(p, q, q
′) + C2(q, p, q
′) + C2(q, q
′, p)
]
αB(q)αB(q
′)
+ 8πλx4
∫
D3q
(2π)3
αIF (q) +
8πNb4
k
∫
d3q
(2π)3
αB(q). (A.15)
By using these equations of motion the effective action can be simplified on shell as follows.
S˜ = NV
[∫
d3q
(2π)3
{
log(q˜2 + Σ˜B(q))− log(iγ
µq˜µ + Σ˜F (q))
−
2
3
ΣB(q)
(
1
q˜2 + Σ˜B(q)
)
+
1
2
tr
(
ΣF (q)
1
iγµq˜µ + Σ˜F (q)
)}
+
4πλb4
3
(∫
d3q
(2π)3
1
q˜2 + Σ˜B(q)
)2
−
2πλx4
3
(∫
d3q
(2π)3
1
q˜2 + Σ˜B(q)
)(∫
d3p
(2π)3
tr
1
iγµp˜µ + Σ˜F (p)
)]
(A.16)
where we define
Σ˜B = ΣB +m
2
B, Σ˜F = ΣF +mF . (A.17)
This is the exact effective action derived from the general action (1.4) in the leading of the
large N limit.
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A.2 Exact thermal free energy
Let us move on to computation at finite temperature taking into account holonomy effect
along the thermal circle whose circumference is identified with the inverse temperature.
From the dimensional grounds, we set the ansatz for the saddle point equations as
follows.
Σ˜B = c
2
BT
2, Σ˜F,I(p) = f(pˆ)ps, Σ˜F,+(p) = ig(pˆ)p+. (A.18)
Since the saddle point equations for ΣF , (A.13), (A.14), are the same as those in [13], and
the computation is the same as in [10], we just mention the results here. f(pˆ) and g(pˆ)
satisfying (A.13), (A.14) are given by (2.10) and (2.12).
On the other hand, a new term containing b4 coupling appears in the saddle equation for
ΣB , (A.15), so we will demonstrate how to solve it. From (A.15), we can show ∂q+ΣB(q) =
0. By assuming the rotational invariance for ΣB(q) with respect to 2-plane, it becomes
constant. ΣB(q) = ΣB. Therefore we can compute the right-hand side of (A.15) as
ΣB =
∫
D3q2
(2π)3
D3q3
(2π)3
(C2(0, q2, q3) + C2(q2, 0, q3) + C2(q3, q2, 0))αB(q2)αB(q3)
+ 8πλx4
∫
D3q
(2π)3
αIF (q) + 8πλb4
∫
D3q
(2π)3
αB(q)
= (2π)2λ2 (1 + 3x6)
(∫
D3q
(2π)3
αB(q)
)2
+ 8πλx4
∫
D3q
(2π)3
αIF (q) + 8πλb4
∫
D3q
(2π)3
αB(q)
where we denoted by D3q the integration measure in the Fourier space in R2 ×S1 , which
is also used in [13]. Thus we obtain
c2B = λ
2 (1 + 3x6)S
2 − 4λbˆ4S + 4x4
(
λ2C2 − 2x4λ
2SC + mˆFλC
)
+ mˆ2B (A.19)
where we used (A.18) and computed the right-hand side in the following manner.∫
D3q
(2π)3
1
q˜2 + Σ˜B
=−
1
2πβ
S,∫
D3q
(2π)3
αIF (q) =
1
πβ2
(
1
2
λC − x4λS +
1
2
mˆF
)
C. (A.20)
By using these solutions of the saddle point equations, the effective action of the system
on R2 × S1 can be simplified as
6πS˜
NV2T 2
=− |cB |
3 + 2(c2B − mˆ
2
B)S + 3
∫
dαρ(α)
∫ ∞
|cB|
dyy
(
log(1− e−y−iα−νB ) + log(1− e−y+iα+νB )
)
+ |cF |
3 − 2(c2F − mˆ
2
F )C − 3
∫
dαρ(α)
∫ ∞
|cF |
dyy
(
log(1 + e−y−iα−νF ) + log(1 + e−y+iα+νF )
)
+ 2λbˆ4S
2 + 2λmˆF C
2 − 4λx4mˆFSC. (A.21)
To determine the free energy (or grand-canonical potential) which respects the duality,
one has to be careful about the normalization thereof. The normalization is such that the
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free energy goes to zero when the temperature does [13]. As a result we determine the
thermal free energy respecting the duality as follows.
6πv[ρ]
N
=− |cB |
3 + 2(c2B − mˆ
2
B)S + 3
∫
dαρ(α)
∫ ∞
|cB|
dyy
(
log(1− e−y−iα−νB ) + log(1− e−y+iα+νB )
)
+ |cF |
3 − 2(c2F − mˆ
2
F )C − 3
∫
dαρ(α)
∫ ∞
|cF |
dyy
(
log(1 + e−y−iα−νF ) + log(1 + e−y+iα+νF )
)
+ 2λbˆ4S
2 + 2λmˆF C
2 − 4λx4mˆFSC
+ |cˆB,0|
3 + |cˆB,0|mˆ
2
B − |cˆF,0|
3 − |cˆF,0|mˆ
2
F −
λ
2
bˆ4cˆ
2
B,0 −
λ
2
mˆF cˆ
2
F,0 + x4λmˆF |cˆB,0||cˆF,0|
(A.22)
where cF,0, cB,0 are the pole mass of scalar and fermion fields in the zero temperature
determined by (1.5), (1.6).
A.3 Explicit expression for off-shell thermal free energy
As explained in the main text, in order to obtain the off-shell free energy we use the gap
equations to solve for S, C as functions of cB and cF and plug the resultant expressions
into (2.30). Using (2.12) we obtain
C =
sgn(X)|cF | − mˆF
2λ
+ Sx4, (A.23)
where X = 2λ(C − x4S) + mˆF . Substituting above in (2.13) and solving for S gives (note
that, here we have chosen particular branch which reduces that of regular bosonic theory
when we set x4, b4,mB to zero.)
S =
1
2
√(
4bˆ4λ− 4λmˆFx24
)2
− 4λ2
(
4x34 − 3x6 − 1
) (
x4
(
mˆ2F − c
2
F
)
+ c2B − mˆ
2
B
)
− 2bˆ4λ+ 2λmˆFx
2
4
λ2
(
4x34 − 3x6 − 1
)
(A.24)
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Plugging C, S using (A.24),(A.23) in (2.17) we obtain
−
6πv[ρ]
N
= |cB |
3 − |cF |
3 +
2
(
c2B − mˆ
2
B
) (
2b4λ− 2λmˆFx
2
4 −
Z
2
)
λ2
(
4x34 − 3x6 − 1
) − 2bˆ4
(
2bˆ4λ− 2λmˆFx
2
4 −
Z
2
)2
λ3
(
−4x34 + 3x6 + 1
)2
+
(
c2F − mˆ
2
F
)(
λ(sgn(X)|cF | − mˆF ) +
2x4(−2bˆ4λ+2λmˆF x24+
Z
2 )
4x34−3x6−1
)
λ2
−
mˆF
(
λ(sgn(X)|cF | − mˆF ) +
2x4(−2bˆ4λ+2λmˆF x24+
Z
2 )
4x34−3x6−1
)2
2λ3
+
2mˆFx4
(
−2bˆ4λ+ 2λmˆFx
2
4 +
Z
2
)(
sgn(X)|cF |λ(−1 + 4x
3
4 − 3x6)− 4bˆ4λx4 + λmˆF + 3λmˆFx6 + Zx4
)
λ3
(
−4x34 + 3x6 + 1
)2
− 3
∫
dαρ(α)
∫ ∞
|cB|
dyy
(
log(1− e−y−iα−νB ) + log(1− e−y+iα+νB )
)
+ 3
∫
dαρ(α)
∫ ∞
|cF |
dyy
(
log(1 + e−y−iα−νF ) + log(1 + e−y+iα+νF )
)
−
(
|cˆB,0|
3 − |cˆF,0|
3 −
1
2
bˆ4cˆ
2
B,0λ
2 −
1
2
cˆ2F,0λ
2mˆF + |cˆB,0|λmˆ
2
B − |cˆF,0|λmˆ
2
F + |cˆB,0||cˆF,0|λ
2mˆFx4
)
(A.25)
where
Z =
√(
4bˆ4λ− 4λmˆFx24
)2
− 4λ2
(
4x34 − 3x6 − 1
) (
c2B + x4
(
mˆ2F − c
2
F
)
− mˆ2B
)
. (A.26)
One can check that differentiating free energy with cF and cB and using (A.24) and
(A.23) we get
∂cBF = 0, ∂cFF = 0. (A.27)
It is easy to check with this form of off-shell free energy that, under the duality transfor-
mations (1.7), (A.25) is invariant provided sgn(X) = sgn(λ).
B. Bose Condensation?
In this section we study the regular massive fermion coupled to a Chern Simons gauge
field (1.15). We present a detailed analysis of the following question: in what region of
parameter space of this theory does its gap equation reproduce the naive, uncondensed gap
equation of its putative dual, the critical boson theory (1.17) ?
In the complex lightcone gauge employed in this paper the fermion propagator is taken
to be same as in [5], see Eq.(2.2) and Eq.(2.12). The solution to the gap equation is29
29We have used the convention
α ∈ (−π, π]
and the logarithm in all formulae above and subsequently is taken to have a branch cut along the negative
real axis.
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f(pˆs) =
1
pˆs
mˆregF +
λ
pˆs
∫ pi
−pi
dα ρ(α)
ln 2 cosh(
√
pˆ2s + c
2
F + iα+ νF
2
) + ln 2 cosh(
√
pˆ2s + c
2
F − iα− νF
2
)
 ,
g(pˆs) =
c2F
pˆ2s
− f(pˆs)
2,
c2F =
(
mˆregF + λ
∫ pi
−pi
dα ρ(α)
(
ln 2 cosh(
cF + iα+ νF
2
) + ln 2 cosh(
cF − iα− νF
2
)
))2
.
(B.1)
Note that the propagator is independent of the sign of cF (it turns out that the same
is true for the free energy). In other words the apparent ambiguity of sign in the third
equation of (B.1) is a fake. We can choose either branch for the solution of this equation.
We choose to work with the branch
cF = mˆ
reg
F + λ
∫ pi
−pi
dα ρ(α)
(
ln 2 cosh(
cF + νF + iα
2
) + ln 2 cosh(
cF − νF − iα
2
)
)
. (B.2)
B.1 Space of solutions of (B.1)
Let us define
C(cF ) =
1
2
∫ pi
−pi
dα ρ(α)
(
ln 2 cosh(
cF + iα
2
) + ln 2 cosh(
cF − iα
2
)
)
. (B.3)
The last of (B.1) may be rewritten as
cF
2 =
(
mˆregF + λC(cF + νF , λ) + λC(cF − νF , λ)
)2
.
We assume throughout that ρ(α) is an even function of α. With this assumption it is easily
verified that λC(cF ) is an even function of x but an odd function of λ. The function C is
always real and positive and asymptotes to |cF |2 at large values of cF . As C(cF ) is an even
function of cF its derivative w.r.t cF vanishes at cF = 0.
Using these properties of the function C(cF ) and drawing a few graphs, it is easy to
convince oneself that (B.2) has a unique solution for every value of mˆregF , νF , and λ ∈ (−1, 1].
The solution for cF has the same sign as mˆ
reg
F +λC(νF ). The solution to the equation (B.2)
varies continuously as a function mˆregF and νF . It is an analytic function of these variables
provided that C(cF ) is an analytic function of cF . C(cF ) is in fact an analytic function
provided ρ(α) vanishes in an interval around α = π.30 This is the case in the lower gap
and in particular in the high temperature two gap phases (see [15]). We restrict attention
to these phases in the rest of this Appendix
B.2 Dualization of the fermionic gap equation
The fermionic theory described above has been conjectured [9, 13] (see also [5, 7, 8, 15, 14,
16]) to be dual to a theory of critical fundamental bosons coupled to Chern Simons theory,
30C(cF ) has a non analyticity at cF = 0 if ρ(π) 6= 0.
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deformed by the addition of a mass mcriB subject to the parameter identifications
λF = λB − sgn(λB)
λB = λF − sgn(λF )
mregF = −λBmB
λFρF (α) = λBρB(α+ π)−
sgn(λB)
2π
λBρB(α) = λF ρF (α + π)−
sgn(λF )
2π
c′F = cB
ν ′F = νB .
(B.4)
(B.2) may be recast in terms of the new variables as31 32
cB = −λBmˆ
cri
B − sgn(λB)max (|cB |, |νB |)
+ λB
∫ pi
−pi
dα ρB(α+ π)
(
ln 2 cosh(
cB + iα+ νB
2
) + ln 2 cosh(
cB − iα− νB
2
)
)
.
(B.5)
The equation (B.5) simplifies when
cB + sgn(λB)max(|cB |, |νB |) = 0. (B.6)
When this is the case the gap equation reduces to
λBmˆ
cri
B =
∫ pi
−pi
dα ρB(α+ π)
(
ln 2 cosh(
cB + iα+ νB
2
) + ln 2 cosh(
cB − iα− νB
2
)
)
. (B.7)
This is precisely the gap equation for the massive critical boson theory in the uncondensed
phase. In other words the fermionic gap equation (which we believe is accurate at all values
of parameters) reduces under duality to the gap equation of the massive critical boson in
the uncondensed phase if and only if (B.6) is obeyed. This result suggests that the boson
lies in a condensed phase whenever (B.6) is violated.
(B.6) is obeyed provided
|cB | > |νB |, ǫ = −sgn(cB)sgn(λB) > 0. (B.8)
For what values of the bosonic Lagrangian parameters does this simplification happen?
In order to answer this question we need to solve for cB as a function of Lagrangian
parameters and then constrain these parameters using the inequalities above. We have
31Notice that the integral in this equation is an even function of cB . It follows that if we set cB = sgn(λB)d
then the equation for d depends only on |λB | and not on the sign of λB . This had to be the case on physical
grounds. In the bosonic theory the sign of λB is unphysical as it is flipped by a parity transformation.
32Let us pause to analyse the smoothness of the RHS of (B.5). As we have explained above, the integral
on the RHS of (B.5) has a non analyticity. This non analyticity cancels that of the second term on the
RHS of (B.5) if and only if ρB(α) =
1
2pi|λB |
in a finite neighborhood around α = 0 . This is always the
case when the original Fermionic theory was in the lower gap or two gap phase, as we have assumed in this
appendix. In other words (B.5) is perfectly analytic.
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Figure 1: In Fig 1(a),1(b),1(c) we indicate where each of the two conditions in (B.8) is obeyed for
three separate values of νB, namely |νB| = 0,
1
2
, 1 respectively. The y axis in each plot is mˆcri
B
while
the x axis is λB . In each of these plots |cB| > |νB| if we lie either above the highest curve on the
graph or below the lowest curve on the graph. On the other hand ǫ > 0 above the middle (blue)
curve, but ǫ < 0 below the blue curve. Both conditions in (B.8) are only met above the highest
curve on each plot.
implemented this procedure numerically on Mathematica at three different values of the
chemical potential, νB = 0, νB =
1
2 and νB = 1. For each value of the chemical potential
we have analyzed when (B.6) is obeyed on a graph whose y axis is mˆcriB and whose x axis
is λB in Fig 1(a),1(b),1(c).
On intuitive grounds we expect the scalar to show an increasing tendency to condense
at larger values of |νB | and at increasingly negative values of m
cri
B (when the scalar field
theory is increasingly tachyonic). We also expect finite temperature condensation to be
forbidden by the Mermin Wagner theorem at λB = 0. Our explicit results are in perfect
agreement with this intuition. We find that the conditions listed in (B.8) are met provided
we lie ‘above’ the highest curves in this plots given in Fig 1(a),1(b),1(c).33 Note that, on
each of these plots, increasingly negative values of mcriB and increasingly large values of |νB |
tend to cause condensation. Note also that condensation becomes increasingly unlikely at
33In each of these plots the first condition in (B.8), (|cB | > |νB |) is met if we lie either above the highest
curves on the plot or below the lowest curves on that plot. However the second condition in (B.8), namely
ǫ > 0, is met only above the highest curves.
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Figure 2: We replot the highest curve in each of the graphs 1(a),1(b),1(c) for comparison. The
highest curve on this plot is for |νF | = 1, the middle curve is at |νF | =
1
2
while the lowest curve is
at |νF | = 0.
small λB and never occurs at λB = 0. In Fig. 2(a) have replotted the highest curves of
Figs. Fig 1(a),1(b),1(c) on the same graph for comparison. Note that the curve rises as
|νB | is increased. This observation supports the intuition that increasing |νB | increases the
probability of “condensation”. All in all our results qualitatively support the guess that
the bosonic field Bose condenses when either of the inequalities in (B.8) are violated.
B.3 Dualization of the bosonic gap equation
In this subsection we demonstrate that no solution exists to the critical boson theory when
the (dual of) the inequality sgn(λ)cF > 0 is violated.
The gap equation of the critical boson theory is
2λBS = λBm
cri
B . (B.9)
We can rewrite this equation in fermionic dual variables as
sgn(λF )max (|cF |, |νF |) =
(
2λF C +m
reg
F
)
. (B.10)
By comparing the signs of the RHS and LHS of this equation, it follows immediately that
the equation has no solution unless
sgn
(
λF
(
2λF C +m
reg
F
))
> 0 (B.11)
as we set out to show.
When this inequality is obeyed and |cF | > |νF |. it follows that
sgn(λF )|cF | =
(
2λF C +m
reg
F
)
|cF | = sgn(λF )
(
2λF C +m
reg
F
)
.
(B.12)
This is the fermionic gap equation. Note that (B.9) may have solutions when (B.11) is
obeyed but cB < νB.
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